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Abstract 

Schein and Gallager introduced the Gaussian parallel relay channel in 2000. They proposed the 
Amplify-and-Forward (AF) and the Decode-and-Forward (DF) strategies for this channel. For a long 
time, the best known achievable rate for this channel was based on the AF and DF with time sharing 
(AF-DF). Recently, a Rematch-and-Forward (RF) scheme for the scenario in which different amounts 
of bandwidth can be assigned to the first and second hops were proposed. In this paper, we propose a 

m . 

. Combined Amplify-and-Decode Forward (CADF) scheme for the Gaussian parallel relay channel. We 

prove that the CADF scheme always gives a better achievable rate compared to the RF scheme, when 

(N ■ 

there is a bandwidth mismatch between the first hop and the second hop. Furthermore, for the equal 
f~>) _ bandwidth case (Schein's setup), we show that the time sharing between the CADF and the DF schemes 

J> , (CADF-DF) leads to a better achievable rate compared to the time sharing between the RF and the DF 

^ ■ schemes (RF-DF) as well as the AF-DF. 

.a; 

I. Introduction 

A. Motivation 

The continuous growth in wireless communication has motivated information theoretists to 
extend Shannon's information theoretic arguments for a single user channel to the scenarios 
that involve communication among multiple users. In this regard, cooperative communication in 
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which a source exploits some intermediate nodes as relays, to transmit its data to an intended 
destination has received significant attention during recent years. Relays can emulate distributed 
transmit antennas to combat the multi-path fading effect and increase the physical coverage area. 

Since constructing a large-scale wireless network is very expensive, it is important to under- 
stand how to efficiently utilize the available power and bandwidth resources. The parallel relay 
channel is the basic building block of a general network. Here, our goal is to study and analyze 
the performance limits of this channel. 

B. History 

The Relay channel is a three terminal network which was introduced for the first time by Van 
der Meulen in 1971 [1]. The most important capacity result of the relay channel was reported 
by Cover and El Gamal [2]. They proposed the Decode- and-Forward (DF) scheme based on 
block Markov encoding in which the relays decode the transmitted message. These authors also 
proposed the Compress-and-Forward (CF) strategy in which relays do not decode the message, 
but send the compressed received values to the destination. Zahedi and El Gamal considered two 
different cases of the frequency division Gaussian relay channel. They derived lower and upper 
bounds on the capacity of this channel, which in turn translates to upper and lower bounds on 
the minimum required energy per bit for the reliable transmission [3]. The authors also derived a 
single letter characterization of the capacity of the frequency division Additive White Gaussian 
Noise (AWGN) relay channel with simple linear relaying scheme [4] [5]. Recently, Cover and 
Young-Han Kim in [6] studied a class of deterministic relay channel and derived its capacity 
with the hash-and-forward and CF schemes. Marko Aleksic, Peyman Razaghi, and Wei Yu in 
[7] derived the capacity of a class of modulo-sum relay channels using the CF scheme of [2]. 
They showed that the capacity of this channel is strictly below the cut-set bound. 

There are also several works on the multi -relay channel in the literature (See [8]— [16], [18]- 
[20], [23]). Xie and Kumar generalized the block Markov encoding scheme of [2] for a network 
of multiple relays [10]. Furthermore, Gastpar, Kramer, and Gupta extended the CF scheme 
in [2] to a multiple relay channel by introducing the concept of antenna polling in [12] and 
[13]. They showed that when the relays are close to the destination, this strategy achieves the 
antenna-clustering capacity. On the other hand, when relays are close to the source, the DF 
strategy can achieve the capacity in a wireless relay network [14]. In [15], Amichai, Shamai, 
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Steinberg and Kramer considered the problem of a nomadic terminal sending information to a 
remote destination via agents with lossless connections. They investigated the case that these 
agents do not have any decoding capability, so they must compress what is received. This case 
is also fully characterized for the Gaussian channel. In [16], we completely characterized the 
asymptotic capacity of the half-duplex Gaussian parallel relay channel with two relays using 
the Dirty Paper Coding scheme. Moreover, assuming successive relaying protocol, we derived 
the optimum input distribution for the source and relays. Recently, Salman Avestimehr, Suhas 
Diggavi and David Tse in [18]-[20] further studied the capacity of wireless relay networks. The 
authors in [18] [19], proposed a deterministic model for a multiuser communication channel 
and generalized the max-flow min-cut theorem from the wire-line to the wireless networks. In 
[20], they proposed an achievable rate for the Gaussian relay networks and showed that their 
achievable rate is within a constant bit (determined by the graph topology of the network) from 
the cut-set bound. 

C. Contributions and Relation to Previous Works 

In this paper, we consider the Gaussian parallel relay channel with a source, a destination, 
and a set of relays. There is no direct link from the source to the destination. This parallel relay 
channel is a special case of a multiple relay network in which the source broadcasts its data to 
all the relays, and the relays transmit their data coherently to the destination. 

Schein and Gallager introduced the parallel relay channel in [8] [9]. They considered the 
parallel relay channel with two relays and studied possible coding schemes for this channel. For 
the Gaussian case, they proposed the Amplify-and-Forward (AF) and Decode- and-Forward (DF) 
schemes and also another scheme based on the time sharing of those schemes. Gastpar in [11] 
showed that in a Gaussian parallel relay channel with infinite number of relays, the optimum 
coding scheme is the AF. 

For many years, Schein and Gallager's achievable rate based on the time sharing between the 
AF and DF schemes (AF-DF) was the best known achievable scheme for the Gaussian parallel 
relay channel with two relays. Since then there was no reported improvement in the literature. 
However, more recently, Yuval Kochman, Anatoly Khina, Uri Erez, Ram Zamir in [23], proposed 
the Rematch-and-Forward (RF) scheme for this channel. This scheme is based on the use of 
analog modulo-lattice modulation (See [22]), and is used for the scenarios in which there is 
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a bandwidth mismatch between the source-relays and relays-destination channels. Furthermore, 
the authors showed that the time sharing between the RF and DF scheme (RF-DF), in certain 
scenarios, achieves a better rate than the Schein and Gallager's scheme. 

In this paper, we propose a Combined Amplify-and-Decode (CADF) scheme, when there is a 
bandwidth mismatch between the source-relays (Broadcast: BC) and relays-destination (Multiple 
Access: MAC) channels. We prove that this scheme always achieves a better rate than the RF 
scheme. Furthermore, we show that time sharing between the CADF and DF schemes (CADF- 
DF) always outperforms the RF-DF and the AF-DF. 

This paper is organized as follows: The system model is introduced in section II. In section III, 
the CADF scheme for the bandwidth mismatch scenarios is explained. Also its achievable rate 
is compared with that of the traditional coding schemes as well as the RF scheme. Simulation 
results are presented in section IV, and section V concludes the paper. 

D. Notation 

Throughout the paper, lowercase bold letters and regular letters represent vectors and scalars, 
respectively. And C{x) = | log 2 (l + x). Furthermore, for the sake of brevity, denotes the 
set of weakly jointly typical sequences for any intended set of random variables. 

II. The System Model 

The setup of the system model considered in this paper is similar to [23]. Here, we consider 
a Gaussian network which consists of a source, M relays, and a destination with no direct link 
between the source and the destination. 

Nodes 1, • • • ,M represent relay 1 , ■ • ■ , relay M, respectively. The transmitted vectors from 
the source and the relays, and the received vectors at the relays and the destination are denoted 
by x BC , x m (m = 1, ■ ■ • , M) and y m (m = 1, ■ ■ • , M), and y MAC , respectively. Hence, we have 

y m = XBc + Zm, m e {l,--- ,M}, (1) 

M 

yMAc = ^2 Xm + Zma °- (2) 

771=1 

where z m and %mac are the AWGN terms. Throughout the paper, for the sake of simplicity, we 
consider the symmetric case in which all the AWGN terms have zero mean and the variance 
"1" per dimension. 
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Fig. 1. The Gaussian Parallel Relay Channel. 



Furthermore, the average power constraints P s , P m (m 6 {1, • • • , M}) should be satisfied for 
the source and relay nodes: 

-E || x BC f < P s , (3) 
n 

-E || x m || 2 < P m , me{l,---,M}. (4) 

n 

where n denotes the corresponding vector length. 
Due to the symmetry assumption, we have 

Pi = P 2 = --- = P M = Pr- (5) 

It should be noted that for the bandwidth mismatch case P s and P r are the power constraints 
per unit of bandwidth. 

III. The Bandwidth Mismatch Case 

In this section, we study the problem of bandwidth mismatch between the first and second 
hop. This problem may arise in many practical situations. For instance, the available bandwidth 
for the source and the relays to transmit their signals may not be equal. As another example, 
consider a half-duplex parallel relay channel, assuming a constant bandwidth from the source to 
the destination, the optimum amount of bandwidth for the first and second hops is not necessarily 
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the same. Hence, the Combined Amplify-and-Decode Forward ( CADF) scheme is proposed for 
these types of situations in the sequel. 

Here we assume that for each p uses of BC channel, one use of the MAC channel is allowed. 
p can be either less or greater than "1". According to the cut-set bound Theorem (See [17]), on 
the cuts corresponding to the first and second hop, the upper bound, C up , on the capacity of this 
channel, C s , is (See [23]): 

C s < C up 4 min (pC {MP S ) , C (M 2 P r )) . (6) 

A. The Combined Amplify-and-Decode Forward ( CADF) 

In this section, CADF scheme is studied. This scheme is illustrated in Figs. [2] and [3j In this 
strategy, the intended message is split into AF and DF messages. The AF message itself is split 
into L AF sub-messages. Each AF sub-message is transmitted in 2a\{l = 1, • • • , L) fraction of 
the available bandwidth from the source to the destination. The DF message is superimposed 
on the AF message and transmitted from the source to the relays in Ylf=i ol\ + (3\ dimensions. 
Having decoded the DF message, each relay transmits the re-encoded version on top of the AF 
message in Ylt=i a i + fa dimensions (See Fig. [3]). Due to the water-filling result of the DF 
message on the AF message and from ([3]) and ©, in ai band from the source to each relay, we 
have 

Ps,AFi + Ps,DFi = Ps, I = 1) - " " j L. (7) 

Similarly, for the relay side we have 

Pr,AFi + Pr,DFi = Pr, I = 1, ■ ■ ■ , L. (8) 

Furthermore, due to the bandwidth constraint for the BC and MAC channel (See Fig. [3]), we 
have 

L 

'£a l + p 1 = p, (9) 

1=1 

L 

X> + /3 2 = 1- (10) 

i=i 

The above discussions result in the following Theorem. 
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a) Power distribution of the "AF" and "DF" messages 
at the source side. 



b) Power distribution of the "AF" and "DF" messages 
at the relay side. 



Fig. 2. Power distribution of the "AF" and "DF" messages at the source and relay sides. 
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Fig. 3. Bandwidth allocation for the "AF" and "DF" messages for the Gaussian Parallel Relay Channel. 
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Theorem 1 For the Gaussian parallel relay channel, the CADF achieves the following rate: 



w < (c ( j;i:tt:: +1 ) + c (^)) + ^ ■ 

g°' C ( MWWi J+ftC(MP r )j, (ID 
subject to: 



^ai + 0i = p, 




Z=l 




L 




y^Q; + ^2 = 1, 




Z=l 




-Ps,AF, + Ps,DF t = 


Ps, 


Pr,AF t + Pr,DF l = 


P 

1 r 5 


< a hr 3!,p2, 




< ^AF; , Ps,DF l 





< Pr,AF n Pr,DF t < ^tj J — 1, • - • , 

Proof: See Appendix A. ■ 
Remark 1 For the half-duplex scenarios, instead of the constraints Yla=i a i + A = P an ^ 
5^^=i a « + = 1 for the bandwidths of the first and second hops separately, we assume a 
constant bandwidth from the source to the destination, i.e., 2 Yla=i a i + Pi + 02 — 1. 

Proposition 1 77ze CADF scheme achieves the same rate, assuming successive decoding of the 
DF and AF messages at the receiver side. 

Proof: At band ot,\ in (fTTT) . from Appendix A, we consider the AF and the DF messages 
as the messages of a MAC with the following inequalities 

It can be readily verified that subject to the constraint P t ^af 1 ~\~ Pr,DF t = P r , the right-hand side of 
(fl4l) is a decreasing function of P t ,afi or equivalently an increasing function of P r ,DF r Now, let 
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us equate Raf, in CHJ) with the AF rate Raf, of another MAC which is achieved by successive 
decoding of the DF and AF messages. Therefore, we have 



Raf, 



Rafi — oliC 



M 2 P r> AF l P s ,AF l 



MP r 



AF, T Ps,AF, 

According to (fT"5T) . (See Fig. |4]) we have 



<aiC 



M 2 P r) AF l P.s,AF l 
MP rAFl + PsAF l + 1 



(15) 



Pr,AF < Pr,AF 

Raf, + Rdf, < + -Rdf , 



RDF l < -RdF; • 



Hence, (Raf,, Rdf,) lies in the corner point of the MAC with parameters (Raf,, Rdf,), i.e. 
successive decoding of the DF and AF messages achieves Rcadf- ■ 



AF Rate 



Raf, = Ra 




Jointly Decoding 
Successive Decoding 



RdFi Rdf, 



DF Rate 



Fig. 4. The order of decoding the DF and AF messages. 



Proposition 2 The optimum number of bands L in the CADF scheme is at most equal to two. 
Furthermore, for the half-duplex scenarios assuming one of the ol\ 's is non-zero, depending on 
p < 1 or p > 1, either j3\ — and /3 2 ^ or [3\ ^ and /3 2 = 0. 

Proof: Assuming variables P s ,af,, P s ,df,, Pt,af v and P r ,DF, in CCD as constant parameters, 
one can cast the optimization problem (ITTj) in a linear form with variables cti, (3i, and as 
the optimization parameters. In order to do that, we introduce a parameter A G R to (ITT]) , and 
assume that the difference between the two terms in the minimization (fTTT) is A. Hence, we have 
the following linear optimization problem which is equivalent to (fTT|) : 

Rcadf < max (min(-A, 0) + /(A)), (16) 
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where 



subject to: 



MP r AF, + Ps,AF, + 1 / V + 1 



~C (^gf^Sf )) + ^ W " ^ (M^) = A, (18, 

L 

^o, + A = p s (19) 



L 



5>, + ft = l, (20) 



0<a / ,A,/^2,/ = l,--- (21) 

For p < 1, from (fT9l ), (l20l) . and knowing /3i > 0, /3 2 > can be concluded. Hence, substituting 
(3 2 from (f2Ql) into (TR and d), (flTl)- ^ becomes 

/(A)= max c T y, (22) 
subject to: 

Ay = b, (23) 

y h 0. (24) 



where 



y = [ai, a 2 , a 3) ■ ■ ■ ,a L ,0i] , 

C[ = C [ — f^PsAFt _ ] +C ( 



MP^AFt + Ps,AFi + 1/ \Ps,AFi + 1 

c L+1 = C(P s ), 



MP r) AF t + ^s,AF ; + 1/ \-Ps,AF, + 1, 

C l MV 1+ V I + 1 J+C(MP r ), l-l, ,L, 



A 1L+1 = C(P S ), A a = l, / = !,••• + 
b= [A + C(M 2 P r ) 
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The optimum solution of (l22l) . y opt , is an extreme point of the region T = {Ay = b, y >z 0}. On 
the other hand, y opt is an extreme point of T if and only if it is a basic feasible solution of (l22l) . 
Since the rank of matrix A is at most 2, the basic feasible solution of JF has at most 2 non-zero 
entries (See [25]). Therefore, the only possible cases are a, 7^ 0, aj 7^ (where % 7^ j), and 
ft ^ or a* ± 0, /3i ^ 0, and /3 2 ^ 0. 

Having the similar argument for p > 1, we can easily prove that the only possible cases are 
«i 7^ 0, aj ^ (where i ^ j), and fli ^ or «j 7^ 0, /3i 7^ 0, and j3 2 7^ 0. Hence, the optimum 
number of bands L is at most equal to two. 

For the half-duplex scenarios, from Remark 1, the optimization problem (flTT) becomes a linear 
optimization problem with two constraints. Using the similar argument as in the bandwidth 
mismatch case, only two optimization parameters would be non-zero. Hence, assuming one of 
the ct/'s is non-zero and p 7^ 1, depending on p < 1 or p > 1, either [3i = and /? 2 / 
or Pi and = 0. Therefore, from the above argument, for the half-duplex scenarios the 
optimum number of bands L is at most equal to one. ■ 
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By considering the appropriate order of decoding for the DF message and the AF message at 
the destination and from Proposition [2l the achievable rate can be simplified as 

w < max ± ai c ( ^?£r + i ) + - it - c (^tt) + ac ™ • 

subject to: 

2 

^ai + A = P, (26) 



i=i 

2 



Y,<*i + P2 = l, (27) 

Z=l 

Ps,AFi + Ps,DFi = P.s, (28) 
-Pr,AF ; + Pr,DFi = -Pr, (29) 

0< on, fa, fa, (30) 

< F S ,AF ; , Ps.DF, < Ps, < Pr,AFi , Pr,DF t < P r , I = 1,2. (31) 

5. 77ze Traditional Coding Schemes 

The achievable rates for the traditional coding schemes such as the Decode- and-Forward (DF), 
the Amplify-and-Forward (AF), and the Compress-and-Forward (CF) are derived in [23]. These 
are highlighted for comparison purposes: 

1) Decode-and-Forward (DF): In this scheme, the codeword x m in © is a re-encoded version 
of the decoded message at relay m. Hence, the source transmits its message such that each relay 
can decode it. Hence, the DF scheme achieves 

R DF = min (pC (P s ) , C (M 2 P r )) . (32) 

2) Amplify-and-Forward (AF): In the AF scheme, the relay m transmits a re-scaled version 
of the signal received from the BC channel. Hence, the AF scheme achieves 

^c Lf.Y' V (33) 



MP r + P S + 1 



where 7 = min(p, 1). 
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3) Compress-and-Forward (CF): In the CF scheme, the relay m estimates the transmitted 
codeword and digitally compresses its estimation. Then, it encodes the compressed value to an 
appropriate channel codeword and sends it over the MAC channel [23]. Hence, the CF scheme 
achieves 



C. The Rematch-and-Forward (RF) scheme 

The RF scheme can be briefly explained as follows. Depending on p > 1 or p < 1, the source 
conducts the up-sampling or down-sampling operation, and the relays do the reverse operation 
and then estimate the transmitted signal. Indeed, this scheme matches a colored source to a 
channel and is implemented using the modulo lattice operation. For further details see [21] [22] 
[23]. The following Theorem is proved in [23]. 

Theorem 2 For the Gaussian parallel relay channel with expansion factor p, assuming P s > 1, 
the RF scheme achieves the following rate 



Theorem 3 The CADF scheme achieves a better rate than the RF scheme, i.e., Rcadf > Rrf- 

Proof: Throughout the proof, we assume that L — 1 and depending on p < 1 or p > 1, 
either ft = and ft + or ft ^ and ft = 0. 
Case 1 : p < 1 

Consider the proposed scheme with P S: af = P£ ~ 1' P s ,df = P s — Pg + 1> an d assume that no 
DF message is superimposed on the AF message at the relay, i.e. P Tt AF = P r an d P r ,DF = 0. 
Hence, the achievable rate of the CADF scheme can be simplified to 



R CF =pC (P CF ) 



(34) 



subject to: 





(35) 



Now, let us define SNRaf 



Rcadf — pC 




It is easy to show that 



p)C{M 2 P r ) 



(36) 



Rcadf > P C(SNR AF ) + (1 - p)C(SNR KF ) 



(37) 
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To prove this, consider the fact that SNR KF < M 2 P r and on the other hand, since P s > 1 
as in [23], we have (a±l)' (^±^^ P > 1 which results in (1 - p) log ) < 

plog ( E pV-^ or equivalently (1 - p)C(SNR KF ) < pC (^ Ps ~pf +1 )■ Now, we can lower-bound 
the right-hand-side of (l37l) as follows 



P C{SNR AF ) + (1 - p)C{SNR KF ) = p log(l + SWi^) + (1 - p) log(l + SNRkf) 

= \og{(l + SNR AF ) P {1 + SNR KF f~ p ) 

> log (1 + SNR P AF SNR^p) 

= Rr F . (38) 

Here, (a) follows from applying Holder's inequality with p = - and q = (See [24]). 
Comparing (1371) and (1381) completes the proof. 
Case 2 : p > 1 

For the sake of simplicity we assume that no DF message is superimposed on the AF message 
at the source, i.e. P s ,af = P a an d P s ,df = 0. Here two cases are considered: 

i) (p - 1)C(P S ) > C(M 2 P r ). In this case, we have R C adf = Rdf = C(M 2 P r ) which is 
obviously greater than Rr F . In fact, Rcadf is also equal to the capacity of the channel. 

ii) otherwise, we have 



where re-scaling the AF portion of the received signal at the relay with y Pr p AF , we have 
P r ,AF + P r ,DF + %^ = P r - Simplifying CH, we have 



On the other hand, knowing 



we can derive P t ,af as 

M 2 P P - P p 

MP r af = f 8 . (42) 

' MPI + pr 1 + MP S + M 

From (|42)). one can easily verify that MP^af < Wh- Substituting MP^af with ^§3^ in (1401) , 
we conclude that Rcadf > Rrf- ■ 
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IV. Simulation Results 

In this section, the achievable rates of the proposed CADF scheme with that of the traditional 
coding schemes and the upper bound are compared. 

Fig. [5] compares the achievable rates of different schemes when p = 0.5 < 1. On the other 
hand, Fig. |6] compares the achievable rates of different schemes when p = 2 > 1. As we proved 
in the previous sections and, from these figures, as the number of relays increases, the CADF 
scheme always outperforms the RF scheme. 

Figs. |7J and [8] compare the achievable rate of the CADF scheme with that of other schemes 
for the half-duplex scenarios. Assuming a constant bandwidth from the source to the destination, 
the optimum bandwidths for the first and second hops are obtained. Fig. [7J show that, as the 
number of relays increases, the CADF scheme outperforms the other schemes considerably. On 
the other hand, from Fig. [8l although the CADF scheme gives a better achievable rate compared 
to the RF scheme, it eventually coincides with the AF scheme. 
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Fig. 5. Rate versus number of relays (p = 0.5, P s = 300, MP r = 10). 
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Fig. 6. Rate versus number of relays (p — 2, P s — 10, MP r — 300). 



Fig. [9] compares the achievable rate of the CADF-DF with that of the RF-DF in [23], and 
the AF-DF of [8] [9] in Schein's parallel relay setup (i.e. parallel relay with two relays and no 
bandwidth mismatch). Here, we assume that P s = 20(dB). In this figure, we assume that the 
total dimensions from the source to the destination is "2". The assigned dimension to the BC 
channel is equal to the one assigned to the MAC channel. In the time sharing between the CADF 
and DF schemes, ti + t 2 dimensions are assigned to the CADF scheme (ti dimensions for the 
BC channel, and t 2 dimensions for the MAC channel) while 2 — 1\ — t 2 is assigned to the DF 
scheme (1 — ti dimensions for the BC channel, and 1 — t 2 dimensions for the MAC channel) 
with different peak powers. The same time sharing pattern is used for the time sharing between 
the RF and the DF schemes [23]. 

As Fig. |9] shows, the CADF-DF considerably outperforms the RF-DF and AF-DF. It is worth 
noting that as the Schein's AF-DF can be considered as a special case of the CADF-DF, we 
can expect that the achievable rate of the CADF-DF is always better than the AF-DF. On the 
other hand, from the result of Theorem [3j the CADF-DF always outperforms the RF-DF in the 
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Number of Relays 



Fig. 7. Rate versus number of relays for the half-duplex scenario (P s = 300, MP r = 10). 
Schein's setup. 

V. Conclusion 

This paper considered the problem of data transmission for the Gaussian parallel relay channel 
when there is a bandwidth mismatch between the BC channel and the MAC channel. A Combined 
Amplify-and-Decode Forward (CADF) scheme was proposed and it was proved that the CADF 
always outperforms the RF scheme presented in [23]. It was also shown that the CADF scheme 
always outperforms other traditional coding schemes, i.e., AF, DF, and CF. For the case in 
which there exists no bandwidth mismatch between the BC and the MAC channels, using the 
time sharing between the CADF and DF schemes (CADF-DF) always outperforms the RF-DF 
in [23], and the AF-DF in [8] [9]. 
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Fig. 8. Rate versus number of relays for the half-duplex scenario (P s = 10, MP r = 300). 

Appendix A 

Proof of Theorem 1 

Codebook Construction: 
At band a h (I = 1, ■ ■ • , L) and fa, the source generates 2 nRAF i, 2 tiRdf i, and 2 niW sequences 
yjBQ {w AFl ), use, (%f ; ), and x BC W according to nf=i p{v B c u i), Hi=i P( u BC h i), and 
nf=i p( x BC,i), respectively. Vbc*;> ^7bc,> and X BC are Gaussian random variables with zero mean 
and variances P s ,AF r P s ,DF r and P s per dimension, where -P s ,af, +-P s ,DF i = P s - Furthermore, at 
band a h the source generates i.i.d sequences x BCl , where we have X BCl = Vbc x + U B c r Hence, 
X BCl ~Af(0,P s ). 

All the relays, at band a u (I = 1, ■ • • , L), and (3 2 generate 2 nR ° F i and 2 nR ° F i.i.d u n (w DF{ ), 
and x r (wdf) sequences according to probabilities n2a-P( M n>i)' an( ^ Il^i P( x r,i)- U n and X r 
are Gaussian random variables with zero mean and variances P r: DF t and P r per dimension. 
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Fig. 9. Achievable Rates by Time Sharing. 



Furthermore, relay m generates i.i.d sequences x m; , due to 

= \\ J TAF \^ Vb ^ + Z -) + ^ (43) 

Encoding: 
Encoding at the source: 

At band a u the source encodes w AFl e {1, ■ ■ • ,2™^}, and w DFl e {1, • • • ,2 nifl5F '} to 
v_bc ; (wafJ and u bc ; i w DFi) and sends x# C; (u)AF n u> DFl ) to the relays. Furthermore, at band 

the source encodes wdf € {I, -- " > 2 ni?DF } to x BC (wdf) and sends it to the relays. 
Encoding at relay m: 

At band ai, relay m encodes wdf 1 G {1, • ■ • , 2 ni?CF i} to u n (wd Fi ) and sends x m as obtained 
in (l43l) . to the destination. Furthermore, at band fa, relay m encodes wdf £ {!>•'■ : 2 ni?DF } to 
x r (wdf) and sends it to the destination. 
Decodmg: 

Decoding at relay m: 
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At band ol\, relay m declares W£, Fl = iff there exits a unique \XbCi ( w dfi), such that 

(usd (^-D-fJ 7y mi ) e (See [17]). Hence, in order to make the probability of error zero, we 
have 

Rdf, < a t C ( S S ' m , ) ■ (44) 



Similarly, at band (5\, relay m declares wdf = wdf iff there exits a unique xbc (wdf), such 
that (x B c {wdf) ,y m ) e J 4e"' ) . Hence, in order to make the probability of error zero, we have 

Rdf < PiC (P 8 ) . (45) 

Decoding at the final destination: 

At band a h the destination declares wafi = wafi and wdf { = wd Fi iff there exits unique 
Vbc, {w AFl ) and u n (w DF J, such that (v BCl {w AFl ) ,u n (u^) ^amq) g ^ • Hence, in order 
to make the probability of error zero, we have 

r> ^ n ( M 2 P r AF P s AF \ 

flDFi < QlC f M^(^. + m _ (47) 



MP rAFl + P sAFl + 1 
^ + Rdfi < *iC { MPr AFi+Pg AFi + 1 ) ■ (48) 

However, as indicated in Proposition[T]the same rate Rcadf is achievable by successive decoding 
of the DF and AF messages, hence, we can assume 

d n( M 2 P r AFiP s ,AFi \ ,„ m 

^ = °' c UwwJ • <49) 

Now, from (l48~l) and (|49| ) inequality (l47l) is concluded. Hence, inequality (1471) is extra. 

Similarly at band 02, destination declares wdf = wdf iff there exits a unique x r (wdf), such 
that (x r (wdf) iYmac) e • Hence, in order to make the probability of error zero, we have 

Rdf < P2C (M 2 P r ) . (50) 

Noting the fact that R C adf = Yli=ii R AF l + Rdf{) + Rdf, and from (HI), (03]), (gU), (gU), and 
(l50l) . Theorem [T] is proved. 



DRAFT 



21 



References 

[1] E. C. van-der Meulen, "Three-terminal communication channels," Adv. Appl. Prob., vol. 3, pp. 120-154, 1971. 

[2] T. M. Cover and A. El Gamal, "Capacity Theorems for the Relay Channel," IEEE Transactions on Information Theory, 

Vol. 25, No. 5, pp. 572-584, September 1979. 
[3] S. Zahedi, and A. El Gamal, "Minimum energy communication over a relay channel," in Proc. of International Symposium 

on Information Theory (ISIT03), pp. 344, 29 June-4 July 2003. 
[4] S. Zahedi, M. Mohseni, and A. El Gamal, "On the capacity of AWGN relay channels with linear relaying functions," in 

Proc. of International Symposium on Information Theory (ISIT04), 27 June-2 July 2004. 
[5] A. E. Gamal, and S. Zahedi, "Capacity of a class of relay channels with orthogonal components," IEEE Transactions on 

Information Theory, Vol. 51, Issue 5, pp. 1815-1817, May 2005. 
[6] Thomas M. Cover and Young-Han Kim, "Capacity of a Class of Deterministic Relay Channels," arXiv:cs/061 1053vl 

[cs.IT]. 

[7] Marko Aleksic, Peyman Razaghi, and Wei Yu, "Capacity of a Class of Modulo-Sum Relay Channels," accepted in IEEE 

Transactions on Information Theory, 2009. 
[8] B. Schein and R. G. Gallager, "The Gaussian parallel relay network," in Proc. of International Symposium on Information 

Theory, Sorrento, Italy, June 2000, pp. 22. 
[9] B. E. Schein, Distributed coordination in network information theory, in Ph.D thesis, Massachusetts Institute of Technology, 

September 2001. 

[10] L. L. Xie and R R. Kumar, "An achievable rate for the multiple-level relay channel," IEEE Transactions on Information 

Theory, Vol. 51, No. 4, pp. 1348-1358, April 2005. 
[11] M. Gastpar and M. Vetterli, "On the capacity of large Gaussian relay networks," IEEE Transactions on Information Theory, 

Vol. 51, Issue. 3, pp. 765-779, March 2005. 
[12] M. Gastpar, G. Kramer, and R Gupta, "The multiple-relay channel: Coding and antenna-clustering capacity," in Proc. of 

International Symposium on Information Theory (ISIT02), June 2002. 
[13] G. Kramer, M. Gastpar, and P. Gupta, "Cooperative Strategies and Capacity Theorems for Relay Networks," IEEE 

Transactions on Information Theory, Vol. 51, Issue 9, pp. 3037-3063, September 2005. 
[14] G. Kramer, M. Gastpar, and P. Gupta, "Capacity theorems for wireless relay channels," in Proc. of the Allerton Conference 

on Communications, Control and Computing, Monticello, IL, October 2003. 
[15] A. Sanderovich, S. Shamai, Y. Steinberg, and G. Kramer, "Communication via decentralized processing," in Proc. of 

International Symposium on Information Theory (ISIT05), September 2005. 
[16] Seyed Saeed Changiz Rezaei, Shahab Oveis Gharan, and Amir K. Khandani, "Cooperative Strategies for the Half-Duplex 

Gaussian Parallel Relay Channel: Simultaneous Relaying versus Successive Relaying," arXiv:08 10.4657 vl [cs.IT]. 
[17] T. Cover, and J. Thomas, Elements of Information Theory, Wiley, New York, first edition, 1991. 

[18] Salman Avestimehr, Suhas Diggavi and David Tse, "Wireless network information flow," in Proc. of Allerton Conference 

on Communication, Control, and computing, Illinois, September 2007. 
[19] Salman Avestimehr, Suhas Diggavi and David Tse, "A deterministic approach to wireless relay networks," in Proc. of 

Allerton Conference on Communication, Control, and computing, Illinois, September 2007. 
[20] Salman Avestimehr, Suhas Diggavi and David Tse, "Approximate capacity of Gaussian relay networks," arXiv:0802.3535v2 

[cs.IT]. 



DRAFT 



22 



[21] Uri Erez, Simon Litsyn, and Ram Zamir, "Lattices Which Are Good for (Almost) Everything," IEEE Transactions on 

Information Theory, Vol. 51, No. 10, pp. 3401-3416, October 2005. 
[22] Yuval Kochman, and Ram Zamir, 'Analog Matching of Colored Sources to Colored Channels," in Proc. of International 

Symposium on Information Theory (ISIT06), July 2006, pp. 1539-1543, 2006. 
[23] Yuval Kochman, Anatoly Khina, Uri Erez, Ram Zamir, "Rematch and Forward for Parallel Relay Networks," in Proc. of 

International Symposium on Information Theory (ISIT08), July 2008, pp. 767-771. 
[24] Michael J. Cloud, and Byron C. Drachman, Inequalities with Applications to Engineering, Springer- Verlag New York, Inc., 

1998. 

[25] George B. Dantzig, Linear Programming and Extensions, Princeton University Press, Princeton, New Jersey, eleventh 
edition, 1998. 



DRAFT 



